Abstract. The aim of this paper is to describe the set of cubical decompositions of the compact manifolds mod out by a set of combinatorial moves analogous to the bistellar moves considered by Pachner, which we called bubble moves. This answers negatively a question of Habegger. We relate this set to the bordism group of codimension one immersions into our manifold. On the other side, we prove that two mappable cubulations are equivalent. The mappable cubulations are those which map combinatorially on the standard decomposition of R n for some large enough n and were studied by Dolbilin, Shtanko and Shtogrin.
1. Introduction 1.1. Outline. In the twenties Alexander proved that two triangulations of a polyhedron (or equivalently of two PL-homeomorphic manifolds) are related by a set of combinatorial moves, called stellar moves. After seventy years Alexander's moves were refined to a set of finite local moves on the triangulations of manifolds which were used to prove that certain state-sums associated to a triangulation provide topological invariants of 3-manifolds, the so-called Turaev-Viro invariants. The new moves are the bistellar moves and Pachner ([36] ) has proved that they relate any two triangulations of a polyhedron, settling a long standing conjecture in combinatorial topology. Basically such a move in dimension n corresponds to replace a ball B by another ball B ′ , where B and B ′ are complementary balls, unions of simplexes in the boundary of the standard (n + 1)-simplex. For a nice exposition of Pachner's result and various extensions, see [30] .
On the other hand Alexander's theorem becomes trivial in the context of some more general cell decompositions ("cellulation régulière") considered by Siebenmann [37] where the analogous moves are called "bisections". Here the cells are convex subsets in some Euclidean space, with an arbitrary number of vertices.
The Turaev-Viro invariants carry less information than the Reshetikhin-Turaev invariants, which are defined using Dehn surgery presentations of the manifolds instead of triangulations. Actually the latter have a strong 4-dimensional flavor, as explained by the theory of shadows developed by Turaev (see [41] ). This motivates the study of state-sums based on cubulations, as an alternative way to get intrinsic invariants possibly containing more information (e.g. the phase factor). In order to apply the statesum machinery to these decompositions we need an analogue of the Alexander's or Pachner's theorems. Specifically, N.Habegger asked (see problem 5.13 from R.Kirby's list ( [26] )) the following: These moves will be called bubble moves in the sequel. The sub-family of those bubble moves for which at least one of B and B ′ does not contain parallel (when viewed in the n+1-cube) faces form the np-bubble moves. There are n + 1 distinct np-bubble moves b k , k = 1, 2, ..., n + 1 and their inverses, b k replacing B which is the union of exactly k cubes by its complementary. For n = 2 there is one bubble moves which is not a np-bubble (see picture 1). Set C(M ) for the the set of cubulations of a closed manifold For n = 1 the move b 1 divides an edge into three smaller edges and it follows that: CB( n S 1 ) = CBB( n S 1 ) = (Z/2Z) n , where n is the number of components. Thus there are non-trivial obstructions for two cubulations be np-bubble (bubble) equivalent. Assume from now on, that the manifolds considered are connected unless the contrary will be specified.
There exist similar obstructions in higher dimensions. The possible transformations of a given fvector f under np-bubble/bubble moves is an affine lattice f + Λ(n), where Λ(n) ⊂ Z n+1 is a sub-lattice, depending only on the dimension. It is then immediate that the class of f ∈ Z n+1 /Λ(n) is an invariant taking values in a finite Abelian group. It is known that this obstruction is nontrivial (see [20] ). However we don't expect the obstruction map CB(M ) −→ Z n+1 /Λ(n) to classify the cubulations mod bubble equivalence.
To each cubulation C of M there is associated a codimension one immersion ϕ C in M with normal crossings. This procedure gives a surjective map from the (marked) cubulations mod bubble moves to the bordism set of such immersions. The latter has a homotopical description via the Pontryagin-Thom construction.
On the other hand the case of cubulation which can be combinatorially mapped into the standard cubulation of some R N , and called mappable, can be settled in a geometric way. We approximate an ambient isotopy between two cubulations by some cubical sub-complexes of the standard cubulation. When an isotopy is perturbing the manifold the approximation is locally constant unless for a finite number of critical values of the parameter, when a jump occurs. The jumps will be precisely bubble moves. This way we give a partial affirmative answer for the problem we stated at the beginning: two mappable cubulations are bubble equivalent. Notice that using np-bubble/bubble moves we may not remain in the class of mappable cubulations.
We prove that the connected sum of cubulations mod bubble moves is well-defined, and this is compatible with the composition map for immersions. Finally we consider the case of CB(S 2 ) and show by a direct combinatorial proof that CB(S 2 ) = Z/2Z.
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Elementary obstructions.
We outline the result of [20] where some combinatorial obstructions similar to that for the 1-dimensional case are found. Let consider x ∈ C(M ), and M of dimension n and set f i (x) for the number of i-dimensional cubes in x. Putting all f i together we get a map f : C(M ) −→ Z n+1 whose components are f i , and it is usually called the f -vector in the theory of polytopes. Notice that once we start transforming a cubication of f -vector f by using all np-bubble/bubble moves we obtain a set of possible f -vectors having the form f + Λ(n) ⊂ Z n+1 , where Λ(n) is a lattice. Therefore the first obstruction we encounter is the class of f ∈ Z n+1 /Λ(n). The latter is a finite Abelian group and we will see that it is non-trivial. Proposition 1.1. There exist some natural numbers a i (n) ∈ Z + such that all the a i (n) are non-trivial, and divisible by 2, and the projection Z n+1 /Λ(n) −→ n i=0 Z/a i (n)Z is surjective. The greatest such numbers a i (n) verify a n (n) = 2, a n−1 (n) = 2n, a n−2 (n) = 2, a 0 (n) = 2, a 1 (n) = 3 + (−1) n , (n > 2)
See [20] for the proof. We computed the vector a(n) whose components are a i (n) in few cases, a(2) = (2, 4, 2), and a(3) = (2, 2, 6, 2), a(4) = (2, 4, 2, 8, 2), and a 2 (6) = 2. Let f b be the class of f in n i=0 Z/a i (n)Z and f b (2) the reduced elements modulo (2, 2, 2, ..., 2, 2n, 2). A natural problem now is to know the images f b(CB(M )) for a given M . We are far from having a complete answer and it seems to be very difficult. There are some partial results for the case of the mod 2 reductions f b (2) (CB(M )). Actually this is equivalent to characterize those f -vectors mod 2 which can be realized by cubulations of the manifold M .
There are constraints for the existence of a simplicial polyhedra with a given f -vector and fixed topological type. For convex simplicial polytopes we have for instance the McMullen conditions (conjectured by McMullen in [32] and proved in [4, 5, 38] ; the reader may consult also other proofs and results in [32, 3, 33] ). The complete characterization of the f -vectors of simplicial polytopes (and PL-spheres) was obtained by Stanley in [39] . The analogous problem of the realization of f -vectors by cubical polytopes has also been addressed in some recent papers, for example [7, 2, 23, 24] and references therein. The Dehn-Sommerville equations have a counterpart for cubical polytopes as in [21] . The lower bound conjecture and the upper bound conjecture have counterparts in the cubical case. The new feature is that, unlike in the simplicial case, there are parity restrictions on the f -vectors. This was firstly observed in [7] . Remark that it is exactly these restrictions in which we are interested. We have, as a simple application of the Dehn-Sommerville equation, a first constraint on the range of the mod 2 image: The rank of the affine module f b (2) (CB(M )) is at most n+1 2 . The relationship between cubical PL n-spheres and the immersions was described in the following beautiful result of Babson and Chan (see [2] ): Proposition 1.2. Let ϕ : M −→ S n a codimension 1 normal crossing immersion. Then there exists a PL cubical n-sphere K, such that f i (K) = χ(X i (M, ϕ))(mod 2), where χ denotes the Euler characteristics, and X i (M, ϕ) = {x ∈ S n ; card ϕ −1 (x) = i}. As a consequence, there exists a PL cubical n-sphere K with given f i (mod 2) if and only if there exists a codimension 1 immersion (M, ϕ) in S n , for which the Euler characteristic of the multiple point loci
There is a wide literature on immersions, and especially on the following function θ n , considered first by Freedman ([19] ): θ n (ϕ) is the number of multiple n-points mod 2. The beginning of this theory was the result of Banchoff [1] saying that the number of normally triple points of a closed surface immersed in R 3 is congruent mod 2 with its Euler characteristic. The function θ n is easily seen to be well-defined as a function on the Abelian group B n of bordism classes of immersions of (n − 1)-manifolds in S n . We have therefore an induced homomorphism:
Remark that the question on whether θ n is surjective (i.e. nontrivial) is equivalent to find the image of f b (2) n−1 (S n ). From the results concerning the function θ n obtained in [19, 16, 17, 18, 22, 27, 28, 29, 9, 10, 11] we deduce that the f -vectors of a n-sphere have the following properties (see also [2] ):
1. For n = 2 we have f 0 = f 2 (mod 2) and f 1 = 0(mod 2) and thus f b
. From the existence of Boy's immersion j : RP 2 −→ S 2 , with a single degree 3 intersection we find that there exists a PL 3-sphere with an odd number of facets. Therefore f b (2) 
3. The problem of characterizing the image f b (2) n−1 (S n ) is reduced to a homotopy problem. Namely, the image is Z/2Z if and only if (a) either n is 1, 3, 4 or 7.
(b) or else n = 2 a − 2, with a ∈ Z + , and there exists a framed n-manifold with Kervaire invariant 1. The latter is known to be true for n = 2, 6, 14, 30, 62. 4. If we consider only the class of edge orientable cubulations in the sense of [23] the problem of characterizing the image f b
is also reduced to a homotopy problem, which is completely solved. In fact the condition of edge orientability is equivalent to ask that the associated manifold M immersed in S n be orientable. Thus we have to consider only the restriction of the map θ n at the subgroup of oriented bordism classes of immersions, as originally considered by Freedman [19] . Away from the trivial cases n = 1, 2 the only case when the restriction of θ n remains surjective in the orientable context is n = 4. Thus f n−1 = 0(mod 2) if n = 1, 2, 4.
Notice that Λ(n) is not a product lattice and thus the class of f ∈ Z n+1 /Λ(n) contains more information than f b. Specifically for n = 3 we derive the additional invariant f 0 + f 1 ∈ Z/4Z. The proof of proposition 1.1 is given in [20] .
1.3. The 2-dimensional case. To a surface cubulation we can associate a set of immersed circles K i . We consider for that the union of arcs joining opposite sides in each square. We say that a two dimensional cubulation is simple if the circles K i are individually embedded in the respective surface. It is known that for the cubulations of S 2 the simple is equivalent to mappable (see below). A cubulation is called semisimple if each image circle ϕ(K i ) has an even number of double points, which form cancelling pairs. A cancelling pair is a set of two distinct double points connected by two distinct and disjoint arcs bounding an embedded disk. 
is an isomorphism between CB(S 2 ) and Z/2Z.
Bordisms of immersions.
Let now consider the set I(M ) (respectively I + (M ) in the orientable case) of bordisms of codimension 1 nc (i.e. normal crossings) immersions into a differentiable manifold M . Two nc-immersions f i : N i −→ M of the n − 1-dimensional manifolds N i are bordant if there exists a proper nc-immersion f : N −→ M × [0, 1] from some cobordism N between N 1 and N 2 such that the restriction of f to N i is isotopic to f i . The transversality allows us to get rid of the nc-assumption.
We define now a marked cubulation as a cubulation C of the manifold M , endowed with a PLhomeomorphism of the subjacent space |C|, say |C| −→ M , up to an isotopy. We ask for simplicity the compatibility of the PL and DIFF structures on the image, whenever M is DIFF. If a bubble move is performed on C, then there is a natural marking induced for the bubbled cubulation. Thus it makes sense to consider the set CB(M ) of marked combinatorial cubulations mod bubble moves. We can associate to each marked cubulation C of the DIFF manifold M (compatible with the DIFF structure) a codimension 1 nc-immersion ϕ C : N C −→ M . Let consider for each cube x the set of n hyperplanes parallel with some face, each of them cutting it into two equal halves. This cuts the cube into 2 n smaller cubes of half size.
The traces of these hyperplanes in the cube are n codimension one cubes, which we call (hyperplane) sections. When gluing the individual cubes under the pattern of the cubulation C, we keep track of these sections, and glue them accordingly. In fact each face of the cube is also cut into 2 n−1 -pieces, which we want to correspond when gluing with those inherited from the other cubes. Then the union of all these hyperplane sections form the image of a normal crossings codimension 1-immersion. In the DIFF case we need to use a suitable smoothing when gluing the faces. If the cubulation C is edge-orientable (see [23] ), and M is oriented then N C is an oriented manifold. Using the theorem 1.3 the map I is injective for M = S 2 . We conjecture moreover that I (and its oriented version) is bijective. In particular CB(M ) depends only on the homotopy type of M and the functor CB which associates to M the set CB(M ) is (homotopically) representable, i.e. there exists a space CB such that
, where M(M ) is the mapping class group of M , i.e. the group of homeomorphisms of M up to isotopy. However the description of I(M ) is not simple. The classical Pontryagin-Thom construction (see e.g. [42] ) implies that we have a homotopical description as follows:
, where M c is the one point compactification, Ω is the loop space, S the reduced suspension and the brackets denote the homotopy classes of maps. Moreover I + (M ) = π 1 (M c ) can be identified then with the first cohomotopy group π 1 (M c ), which is however hard to compute. There are some cases when the cohomotopy groups could in principle be computed, for instance in the case of spheres. This gives
is the n-th stable homotopy group, and
, and few values of the stable stems are tabulated below:
Eventually let us introduce the bordism set of cubulations C(M ) of the manifold M : two cubulations C 1 and C 2 are bordant if there exists a cubulation C of M × [0, 1] whose restrictions on the boundaries are C i . Notice that this definition has a strong combinatorial flavor, since the topology of the cobordant cubulation is fixed. The identity induces a map CB(M ) −→ C(M ). The problem about a possible inverse arrow is similar to Wall's theorem about the existence of formal deformations between simple homotopy equivalent CW complexes of dimension n, by passing throughout n + 1-dimensional cells (n = 2). Remark that any two cubulations become bordant after suitable subdivisions. Alternatively let us look at cubulations of the sphere S n which are bubble equivalent to the standard one. We can view the bubble moves as the result of gluing and deleting n + 1 cubes (after a suitable thickening) to the given cubulation. It follows that any such cubulation bounds, i.e. it is the boundary of a cubulation of the n + 1-ball. For instance if n = 1 we should have a polygon with an even number of vertices. It is possible that for n = 2, 3 the converse is also true: the boundary of a ball cubulation is bubble equivalent to a trivial one. This is no more true for n ≥ 4. It is known that there exist non-shellable triangulations of the ball for n ≥ 3. We define a shuffling as a sequence of moves where shellings (adding iteratively cells which intersect the previous stage union into balls) alternate with inverse shellings (deleting iteratively cells which intersect the previous stage boundary into balls). Then Pachner theorem says that all triangulations can be shuffled. We saw that an obstruction for shuffling is that the cubulation bounds. We can show that there exist cubulation which bound but cannot be shuffled for n = 4, for example the connected sum x♯x for a cubulation x, such that I(x) is the generator of the third stable stem. We will prove below that the connected sum of cubulations makes CB(S n ) a monoid. Also x♯x bounds and if it can be shuffled then x is of order 2. The map I is a monoid homomorphism and the bordism group is I + (S 4 ) = Z/24Z. Let us say that a cubulation is simple if any circuit in which consecutive points correspond to edges which are opposite sides of some square of the cubulation does not contain two orthogonal edges from the same cube. The cubulation is standard if any two cubes (of dimensions running from 0 to the top dimension) of the cubulation are either disjoint, or have exactly one common face. An immediate observation is that embeddable cubulations are standard and simple and mappable cubulations are simple. On the other hand the simplicity is very close to the mappability, at least for manifolds with small fundamental group. We have for instance the following results of Karalashvili ([25] ) and Dolbilin, Shtanko and Shtogrin ( [15] ) stating that:
1. The double of a simple cubulation is mappable. Recall that the double of a cubulation is the result of dividing each k-dimensional cube in 2 k equal cubes. 2. If the manifold M underlying the simple cubulation has the fundamental group π 1 (M ), which does not admit nontrivial homomorphisms into a free Abelian group, then the cubulation is mappable. This was strengthened in [15] , where the mappability is obtained only under the condition that the homology group H 1 (M, Z/2Z) = 0, or the cohomology group H 1 (M, Z/2Z) = 0. 3. A simplicial decomposition S can be subdivided in a standard manner into a cubical decomposition C(S): divide any n-simplex into n + 1 cubes of the same dimension. Then, it is shown in [15] that the associated cubical decomposition C(S) is always embeddable.
There is then a close connection between triangulations and cubulations, between Pachner's result and the theorem from above. The last remark and our theorem show that the cubulations of type C(S) associated to simplicial complexes are always bubble equivalent. It would be interesting to find a direct combinatorial proof for this corollary of the theorem. Remark that it fits well with Pachner's theorem. We already saw that M and N mappable implies N is bubble equivalent to M . In particular, for cubulations of the sphere the simple cubulations are bubble equivalent. Notice however that the set of simple (or mappable) cubulations is not closed to arbitrary bubble moves. In general the simplicity is not preserved by the move b 2 . However it should be stressed that the np-bubble equivalence is interesting only for the PL-spheres. We think that any two simple cubulations of the sphere are np-bubble equivalent, likewise to the two dimensional case.
1.6. Multiplicative structures. The connected sum of the manifolds M and N is denoted by M ♯N . We can extend this operation to cubulations, but it is not well-defined, and it depends on the various choices. However when considering bubble equivalence classes these ambiguities disappear. A consequence is that the previous composition map induce also CB(M ) × CB(N ) −→ CB(M ♯N ). On the other hand there is a natural composition map for the sets of bordism of immersions. here we use the connected sum away from the immersions. We prove that the map I is functorial:
We think that the monoid CB(S n ) is in fact a group. Notice that I(M ) has a group structure for any M (induced from the cohomotopy group structure), but we don't know whether this can be lifted to CB(M ).
Bordisms of immersions
We outline first the topological definition of the derivative complex K associated to a cubulation C of a manifold M and the canonical immersion ϕ : K −→ M . A combinatorial description of K was given in [2] . The idea is the same as for the straight lines. Consider first a set of n hyperplanes which divide the n-cube into 2 n smaller cubes. Each hyperplane cut the n-cell along a (n − 1)-cube. Let u such a (n − 1)-cube inside the n cube X, and Y be an adjacent cube, having a common face f with X. We say that u and a (n − 1)-section v in Y are locally compatible if u ∩ f = v ∩ f . Define two arbitrary sections u and v be compatible if there is a sequence of locally compatible sections relating u and v. Let consider the union of all (n − 1)-sections compatible with a given one. Abstractly this union of cells is a PL-manifold, say K i , and viewed as as subset of M it is the image ϕ(K i ) by an immersion ϕ. The disjoint union of all these components K i form the derivative complex K which is immersed into M by ϕ. Notice that ϕ(K) is a spine of M , i.e. M − ϕ(K) is an union of balls. This is a necessary and sufficient condition for ϕ(K) to be the image of the derivative complex associated to some cubulation.
In order to rule out some pathologies we restrict here to the combinatorial cubulations: the star of each vertex (or the link) should be a PL ball (respectively a PL sphere) of the corresponding dimension. For instance the cubulation of S 2 consisting in a square with two pairs of neighboring edges identified is not combinatorial. We say that an immersion ϕ is a connected pseudo-spine if all closures of the connected components of the complementary M − Im(ϕ) are balls, and the image is connected. The bordism subset of pseudo-spine immersions is denoted by PSI(M ), and respectively PSI + (M ).
Lemma 2.1. We have an induced map I :
Proof. We consider the local picture of a bubble move, viewed in the boundary of the n + 1-cube. The set of sections which on the boundary are intersections of the hyperplane sections of the n + 1-cube with the faces. The n-balls B and B ′ (interchanged by a bubble move) form the boundary of the sphere S n . We infer between B and B ′ a short cylinder which identifies the n + 1-ball with a cobordism between B and B ′ . When adding to this picture the hyperplane sections (trivially extended over the cylinder) we find a bordism (with normal crossings) between the immersions ϕ B and ϕ B ′ into the n-ball. Then a sequence of bubble moves induces a composition of bordisms relating the initial and final immersions.
Lemma 2.2. The image of I is included in PSI(M ).
Proof. Let us show first that the image is contained in PSI(M ). Consider v a vertex of the cubulation C and St(v) the star at v (as for usual cell complexes). Then we have a P L manifold |C| which means that St(v) is a PL ball. Let X v be the connected component of of St(v) − Im(ϕ C ) (Im denotes the image) which contains the vertex v. We can think of X v another way: let 2C be the double of the cubulation C, obtained by a subdivision of each of its cubes into 2 n (equal) smaller cubes. It is easy then to identify X v with the star of v into 2C. Consequently X must be a PL ball too. Therefore X is the same as the connected component of M − Im(ϕ C ) containing v. But the complementary of Im(ϕ C ) is the disjoint union over the vertices v of all X v . This proves the claim. Proof. Assume we have a connected pseudo-spine immersion ϕ. We associate a set of cubes C 1 , ..., C m in bijection with the n-tuple points from X n (M, ϕ). Since M is of dimension n, this is a finite set. Let pick up some v ∈ X n (M, ϕ), and the associated cube C(v). We will identify each of the faces of C(v) as follows. If a small open neighborhood U v of v inside M is chosen then the k-faces of C(v) are in one-to-one bijection with the connected components of U v ∩(X k (M, ϕ). Notice that the normal crossings assumption says that the local picture around v is exactly that given by the coordinate hyperplanes around the origin of R n . Therefore we really defined combinatorially the boundary complex of a n-cube this way. Further we want to glue together the faces of the cubes: two cubes C(v) and C(v ′ ) have the faces associated to U v ∩X k (M, ϕ) and U v ′ ∩X k (M, ϕ) identified if they are in the same connected component of X k (M, ϕ). Moreover, at the level of n − 1-faces we have a canonical identification map, because the whole combinatorics of the gluing is prescribed, up to which vertex correspond to which vertex. It suffices to see that the data is coherent: if two faces have a common k-dimensional face, then all sub-faces of that are still in the intersection. This follows from the fact that the closure cl(X k (M, ϕ)) contains X k+1 (M, ϕ). We obtain this way a cubical complex C, which we would like now to prove it has a canonical marking |C| −→ M . This is not quite true for an arbitrary pseudo-spine immersion, and we have to consider another cobordant immersion. We say that ϕ is admissible if any connected component L of some X k (k ≤ n − 1) is a PL ball and we have cl(L) ∩ X k+1 = ∅.
Lemma 2.4. Any pseudo-spine immersion is cobordant to an admissible pseudo-spine immersion.
Proof. We consider a set of small spheres embedded in M , transverse to the immersion ϕ. If they are sufficiently small they cut the connected components of the complementary M − Im(ϕ) into balls. Moreover we can add sufficiently many so that all connected components of strata X k (M, ϕ) are touched by such additional spheres, and subdivided into small PL balls. Eventually observe that ϕ ′ consisting in the union of ϕ and the new spheres is an immersion cobordant to the initial ϕ. For instance let us consider some balls inside M × [0, 1] bounded by the small spheres which live in M × {1}. We put them in standard position with respect to Im(ϕ) × [0, 1] and using this cobordism we obtain the equivalence of immersions.
We can consider now that our immersion ϕ is also admissible. We give the cubes C(v) an initial position on the manifold M via an embedding, which can be viewed as the moment before the gluing. First each vertex v has a neighborhood where Im(ϕ) is homeomorphic to the standard model of coordinate hyperplanes. Let us consider a small cube in R n centered in the origin, whose faces are parallel to the coordinate hyperplanes. Then the preimage of this cube is the initial position we choose for C(v), such that they are pairwise disjoint. The cube in R n is subdivided into 2 n smaller equal cubes by the coordinate hyperplanes. Also the whole space R n splits into the union of 2 n open cones, determined by the coordinate hyperplanes, which we call octants. Then each smaller cube correspond to an octant. We can therefore consider octants around v and C(v) is the union of 2 n smaller cubes (preimage of the Euclidean ones) indexed by the octants oc as C(v) oc . The small cubes arising from the same C(v) (the father) are called sons and they are brothers. Our aim is to deform each small cube so as they remain embeddings of cubes, eventually they cover all of M , the adjacencies with their brothers are preserved and the new adjacencies are exactly those prescribed for the gluings in our cubulation C.
We consider a connected component X of M − Im(ϕ). Then X is a PL ball by hypothesis, and its boundary has a natural polyhedron structure (sometimes degenerated) induced from the stratification by the various X j (M, ϕ). Also ∂X cannot be a non-singular embedded sphere, since then the image won't be connected. Hence there are some multiple points on ∂X. Since ϕ was assumed admissible then each component like X should contain at least one vertex. Let v be a vertex of X, which is therefore an element of X n (M, ϕ). We have associated a cube C(v) to v.
Lemma 2.5. Under the previous conditions there is exactly one octant o X,v of v which is contained in X.
Proof. The vertex v belongs to the closure of X. If we intersect cl(X) with a small sphere S ε centered in v we find the topological link of the singular point v. However we supposed that cl(X) is a P L ball, and so the link is a PL sphere. But the link is also the union of the intersections of the octants in X with the S ε . If there are at least two octants then there is pair of such having a common face say F . But F is a n − 1-dimensional leaf of Im(ϕ) intersecting the ball cl(X) nontrivialy. Then F separates the octant on its left side from the octants of the right side, contradicting the fact that X is a connected component.
We know that each connected component ∂cl(X) ∩ X k (M, ϕ), which is an open sub-manifold and connected component of X k (M, ϕ) is a PL ball.
We define now the barycentric marking for homeomorphic images of polytopes as follows. 1. In dimension n = 1 the barycenter of a segment is the middle point, and the subdivision is the obvious one. It works as long as there is at least one vertex on each connected component, and it gives a natural marking. .
2.
For n = 2 the barycenter of the 2-cell is an arbitrary interior point. Let us consider some disjoint arcs which relate respectively the barycenter and the various barycenters for the edges. If there are at least 3 vertices then we obtain this way a decomposition into squares, all of which contains the central barycenter. If there are less vertices, then the decompositions are degenerated and consist in the images of the natural marking for the associated cubical complex. 3. For higher n let us consider an interior point for the n-cell, which we call the n-barycenters. Each of the n faces adjacent to the vertex v is already subdivided into smaller cubes, and there is one small cube containing v for each face. Therefore these n cubical faces and the new barycenter determine the surface of a n-dimensional cubes in which v and the barycenter are opposite vertices. This is not properly a cube, but the image of one cube by a homeomorphism. There are some degeneracies as before, where we have some of the edges, faces identified, and thus we get a marked cubulation for the curved polytope.
It follows from the previous lemmas that X has barycentric decompositions, say f X : v B X,v −→ X, where the sum is made over the vertices v of X, and the cells are B X,v . Recall that for each vertex v of X there is exactly one octant o X,v belonging to X. We consider then the canonical PL homeomorphism which identifies the small cube (son) C(v) oX,v to f X (B v ), in such a way that its initial position gives already the identification of the vertices in the octant. This defines f : |C| −→ M , which is a P Lhomeomorphism. It suffices to see that the identifications of (father) cubes are compatible with the gluings given by the barycentric marking. Since both of them come as duals for the stratification by X j (M, ϕ) this is automatic.
Lemma 2.6. We have PSI(M ) = I(M ).
Proof. The idea was exploited before for the admissibility. We consider an immersion ϕ and a set of small embedded spheres. If these are packed suitably then they split the connected components of M − Im(ϕ) into balls. In fact using a general position for the spheres the intersection can be supposed to be (up to a PL homeomorphism) the same as the intersection of a standard ball in R n with the coordinate hyperplanes. The same happens for the pairwise intersection of spheres. Actually, for DIFF manifold we can choose a ε-net of metric spheres, where ε is supposed to be smaller than the injectivity radius of M and the focal radius of various strata of X k (M, ϕ). Further adding such spheres we don't change the bordism class of the immersion.
Embeddable and mappable cubulations
3.1. Mappable cubulations are equivalent. We will give now some partial affirmative answers to the problem stated in the introduction. The idea is to consider the embeddable (or mappable) cubulations i.e. those cubic complexes which embed (or are immersed) into the standard cubic lattice of some high dimension.The problem of characterizing those cubic complexes which can be mapped, immersed, embedded in the standard cubic lattice was originally stated by Novikov [34] . The most interesting results in this direction were obtained in [12, 13, 15, 14, 25] .
We want to prove the theorem 1.5 from the introduction, stating that mappable cubulations of the same PL manifold M n are bubble equivalent. We analyze first the case of embeddable cubulations and prove the theorem in this particular setting. We will show then that a mappable cubulation is equivalent to an embeddable one, and the claim will follow.
Consider N sufficiently large so that both cubulations P and Q embed into the standard cubulation R N c of the Euclidean space. We view P, Q as being sub-manifolds of R N . Then for big enough N there exists an ambient isotopy through out the manifolds P t carrying P into Q. Now we want to define an approximation P st t of each manifold P t , which is a cubulated sub-manifold of R N c , it is sufficiently close to P t , and when t varies the family P st t is either locally constant or changes around a "critical value" by a bubble move. We realize an arbitrarily fine approximation by taking the cubical structure be R N c [ε], based on cubes whose edges are of length ε, for small ε. A way to do that is to divide iteratively each cube of the lattice into 2 N equal cubes (this is called doubling in [15] at the level of cubulations). Then the initial cubulations P and Q are replaced by some iterated doublings, denoted by 2 m P and 2 m Q, but we will prove that 2 m P can be obtained from P by a suitable composition of bubble moves. consisting of all open codimension m cubes. We begin with some definitions:
Consider the cube C ⊂ R N , given by the equations {|z j | ≤ 1, j = 1, N }. The hyperplanes {z j = 0} cut C into 2 N unit cubes, and considerC the associated (N − 1) dimensional cell complex. We set W for the star of the origin inC, which is the union of all N − 1-cells coming from ∪ j {z j = 0} ∩ C. Thus W is the union of cells having the form . We say that X is standard with respect to C if the following conditions are fulfilled: Proof. This can be proved by recurrence on the dimension. For n = 1 it is obvious. The induction step goes as follows: the plane L intersects the cube C along a PL disk. Furthermore the intersection of L with any face F ⊂ ∂C can be putted in standard position by means of an isotopy. Consider the union of all standard models for L ∩ F , over F face in ∂C. Then we get a PL sphere S ⊂ ∂C. We consider the cone centered at the origin on the PL sphere S. Then this cone is a standard model, and L ∩ C can be isotoped to this, by means of the Alexander trick.
There exists an isotopy with support in
Lemma 3.7. Assume that X is standard w.r.t. the lattice Λ. Then there exists an isotopy, which is a composition of isotopies on each cube C, like above, which transforms X into X st (Λ) so that X st (Λ) intersects each cube in a standard model.
Proof. Let us observe that each isotopy related to a cube C from the previous lemma affects only X ∩ C, and thus the standard models for different cubes have disjoint interiors. The only thing to check is the compatibility of the boundary gluings: if X cuts two adjacent cubes C and C ′ then the standard models of X ∩ C and X ∩ C ′ can be glued together. But the local picture around a common face is completely determined by the standard model of X inside the face. This is the same to ask that there is an unique standard model for X ∩ C ∩ C ′ . We use again recurrence on the dimension. This is true for n = 1, and in the induction step we use the fact that (as in the previous lemma) once a standard model on each face of the boundary of the cube ∂C is given (and this necessarily is a PL sphere), then the global standard model must be the cone over this boundary part.
Lemma 3.8. In the conditions of the previous lemma the cubical complex X st (Λ) is uniquely determined by X and Λ, and we can call it the standard model of X.
Proof. The uniqueness of the standard model is obtained for a cube, and we observed these standard models glue together to make X st (Λ).
Let now consider two cubulations P and Q of the same PL manifold, embedded in some R N c . Lemma 3.9. There exists an isotopy with compact support ϕ : P × [0, 1] −→ R N , with ϕ( * , 0) being the identity and ϕ 1 (P ) = Q. Moreover, for big enough N we can choose such an ϕ to be an embedding.
Proof. The two PL sub-manifolds P and Q are isotopic if their codimension is large enough. Consider ψ( * , t) an isotopy between them, and set and set ϕ :
We suppose that the cubulations P and Q were embedded in the standard cubulation given by the latticeΛ = Λ + ( 2 ) and has the cubes of unit edge length.
Lemma 3.10. A cubulation P ⊂Λ is in standard position w.r.t. Λ. Moreover the intersection of P with any cube of Λ is a standard model and thus
Proof. This is clear from the definition.
It follows that we obtained a sub-manifold X = ϕ(P ×[0, 1]) of R N , whose boundary ∂X is in standard position w.r.t. the lattice Λ. Proof. We claim first that there exists a subdivision Λ[2 −m ] for large m, such that X becomes standard w.r.t. Λ[2 −m ], after a small isotopy which is identity near the boundary. In fact there is some small ε such that the intersection X ∩ C ε with any cube C ε of R N c [ε] is a PL disk. Moreover, by moving X by a small isotopy we can make X transverse to the strata of Λ[ε], and thus all these intersections are disk of the dimension of X. Moreover possibly taking a lower ε we can assume that X ∩ C ε is isotopic rel boundary to the cone over X ∩ ∂C ε . A recurrence argument shows than that X can be putted in standard position w.r.t. C ε . It is clear now that we can take ε = 2 −m . We translate therefore X inside the new lattice whose origin is in the point (2
On the boundary level then the traces of P and Q are subdivided, and abstractly isomorphic to 2 m P and 2 m Q, and they are in standard position w.r.t. Λ[2 −m ]. Since this is an open condition, we don't have to perturb X near the boundary. The claim follows.
Let us denote by Z the tube between 2 m P and 2 m Q, which is in standard position w.r.t. Λ. We show that there exist topologically trivial tubes Z 1 between P and 2 m P , and respectively Z 2 between Q and 2 m Q, which are in a standard positions w.r.t. Λ. Fix a base point p ∈ P , and consider the homothety h t of center t and rapport t, in R N . The map
, given by (q, t) → (h t (q), t) has the image a polyhedron in R N +1 . By transversality small perturbations (in the choice of p for instance) force the image to be in standard position w.r.t. the lattice in N + 1 dimensions Λ. This uses the first lemma from above. The union of these tubes Z 1 , Z and Z 2 form the final tube Y we are seeking for.
Therefore we derived a PL cylinder X ⊂ Λ which interpolates between P and Q. However it is highly nontrivial to try to shell the boundary from P to Q. We discussed previously the complications arising from the existence of non-shellable triangulations and cubulations of balls. However the tube X is also endowed with some PL foliations by sub-manifolds P t , all of them being PL homeomorphic to P and Q. We call them leaves of this foliations, and these are given by the images of ϕ(P, t). We want to keep track now of the possible changes during the deformation P t inside X. the advantage to work within X is that P t has codimension 1 inside X. The start point P 0 = P and P 1 = Q are in standard position w.r.t. Λ but we cannot expect this propagates through out all t ∈ [0, 1].
Let consider then some leaf P t intersecting a (n+1)-cube U of X. Here n is the dimension of P . We say that P t does not contain flat directions if P t does not contain any segment parallel to some vector in ∂U .
Lemma 3.12. We can change the isotopy given by P t into another one, still contained in X, with the property that all leaves P t have not flat directions.
Proof. If there is a segment inside C t0 we deform it slightly such that the segment becomes no more parallel to ∂U . The directions on ∂U form a measure zero subset of all directions in U , and we can conclude.
Lemma 3.13. Let consider a leaf P t ∩ U ⊂ U ⊂ X, which has no flat directions. Then there exists some ε of the form 2 −m such that:
Proof. We already saw that the first alternative holds if we are allowed to move slightly P t , by an arbitrary small isotopy. The isotopy is needed for the transversality. However the lack of transversality means that there are vertices contained in the leaf. The other kind of conditions are always satisfied in the PL context, because there are not flat directions. . This family should be constant, until t reach a critical value where the standard model is not defined, namely the leaves containing vertices. Now we are able to see which are the possible jumps around a value of t 0 where P t0 pass through a vertex. This is a local problem: consider the union U of cubes containing the vertex. Then U is a cube of size 2 −m+1 . Therefore the image of the
−m is a trivial cobordism properly embedded in U . The local picture is, up to a very small PL isotopy, that of X made from hyperplane regions, and thus the intersections of P t0 with all 2 n cubes of size 2 −m from which U is made can be considered to be that of an union of hyperplanes passing through the vertex.
Actually let dir be the 2n directions given by the vectors associated to the coordinate axes around the vertex. Set also dir − = {x ∈ dir; P t0−ε ∩ x = ∅}, dir + = {x ∈ dir; P t0+ε ∩ x = ∅}.
Each such direction is dual to a face of a cube c in the dual lattice (where the standard models P Proof. In fact P t0 separates the directions which are cut by the leaves from P t0−ε from the directions cut by P t0+ε . Proof. The fact that both are PL balls follows from the fact that P t0−ε ∩ U is a ball, as well as P t0+ε ∩ U . We need only to see that both are non-void. If f − is empty then P t0−ε would be contained inside the adherence of one small cube U 0 ⊂ U . Then P t0+ε ∩ U 0 will be a cylinder, and thus it cannot be standard, contradicting our hypothesis. This proves the claim. Proof. This is clear since the standard model is dual to the directions, inside U .
3.3.
The proof of proposition 3.2. We can construct the double of an embeddable cubulation M by taking its image 2M ⊂ R N c by a homothety of rapport 2, embedded in the same lattice. We will prove the proposition using a recurrence on the dimension. Actually we want to prove a stronger statement concerning arbitrary sub-complexes of the standard lattice R n c . We ask also the bubble moves which pass from one cubulation to the other to be embedded in R n c . This means that each bubble moves which exchanges the balls B and B ′ have the property that the cube bounded by B ∪ B ′ is contained in the skeleton of R n c . For n = 1 consider two lattice knots in R 3 . If they are isotopic knots it follows that the knots are bubble equivalent, also using only those bubble moves which can be realized on the lattice of R 3 and which avoid self-crossings. Now any two lattice knots become isotopic in R 4 and the same argument applies. This extends immediately to graphs embedded in the lattices.
Assume now the claim holds for all dimensions less than n, and choose some lattice n-manifold M in R N , and a preferred coordinate axis, defining a height function h : R N −→ R. It is clear that h −1 (n) is not a manifold in general but only a cubical complex. The idea is to give a description of h −1 ([n, n + 1]), for n ∈ Z in order to mimic the Morse theory. Proof : If there exists an open n-dimensional cell e ⊂ h −1 ((n, n + 1)), then this cell must be vertical with respect to h. This means that e = f × (n, n + 1), where f is a (n − 1)-cell whose projection h(f ) is a single point. An horizontal cell is one whose projection by h is a point. Thus h −1 ((n, n + 1)) is the union of open vertical cells, hence a manifold. On the other hand the function h | h −1 ((n,n+1)) cannot have any critical points, so that we have a PL cylinder. This lemma generalizes to the case where we have an arbitrary embedded complex, but now h −1 ((n, n+1) ) is an open cylinder over some other embedded complex.
There exist therefore the sub-complexes A
Let consider H(n) be the union of interiors of the horizontal cells in h −1 (n). Then we can decompose the sets A n as follows: 
where Z n ∩ CZ n = ∅, and Z n ∪ CZ n = ∂H(n).
From the recurrence hypothesis we can assume that there exists some k such that A . This cone of bubble moves is obtained as follows: if the bubble move X i touches only A + n − Z n , then consider the usual cone of X i , which is also a bubble move in one more dimension. If the bubble move X i touches Z n (or CZ n , on the other side) then construct an extension with one more dimension of X i , using the horizontal flat. All these parts A + n × [0, 1], and h −1 ((n, n + 1)) can be glued now back, and we obtain a bubble equivalence between M and M ′ , the last being a (2 k , 2 k , ..., 2 k , 1)-dilatation. This means that the dilatation acts trivially in the direction of chosen axis. However we can use dilatations with preferred direction any other coordinate axis. Then the product of all transformations is again a homothety acting as multiplication by a large power of 2, hence the claim follows. In the case when M is no more a manifold the same proof applies, using the observation after the lemma 3.18.
3.4. The proof of proposition 3.3. A mappable cubulation may be not embeddable for two reasons: either it is non-standard or else the associated map into the lattice is not injective. Both accidents can be resolved using np-bubble moves. Say that M is k-standard if the k-skeleton is standard: equivalently, two cubes of dimensions at most k are either disjoint or else they have exactly one common face. Assume that the n-dimensional cubulation M is (n − 1)-standard, so that only the injectivity requirements have to be settled. We have a combinatorial map f : C −→ R k c which is locally an isometry on each cube. The singularities of the map f are therefore either foldings or double points appearing as follows: there are two cubes in C, say x and y which are distinct and f (x) = f (y). We call the codimension of the cubes the defect of the double points. If the defect is positive then x ⊂ u ∪ v, y ⊂ u ′ ∪ v ′ , where u and v (respectively u ′ and v ′ ) are top dimensional cubes having a face in common. Recall that a folding corresponds to a set of two cubes having a common face which are sent into the same cube. In order to get rid of double points of positive defect we perform a b 1 followed by a b 2 move on u and v respectively, in an additional dimension. If the defect of the double point is zero then we can settle directly the problem using a cubical Whitney trick, as follows. Consider f (y) ). Then the map f ′ is combinatorial and has less singularities than f . If C is a finite cubulation this desingularization procedure stops and an embeddable cubulation is obtained. If C is not finite we remark that the same argument work for the case f proper. We divide C into compact pieces with disjoint images and np-bubble simultaneously a non-accumulating sequence of double points.
Eventually if we have to deal with a folding then we have just to perform a b 1 move over one of the cubes, and on the image. We replace therefore the foldings by usual double points this way.
It remains to see how we can use np-bubble moves in order to assume the (n − 1)-standardness. The argument we gave before works as well on arbitrary cubical complexes of pure dimension. So that, using np-bubble moves b i (n − 1) in dimension (n − 1) we can transform ske n−1 (M ) into a standard complex. It suffices now to observe that the action of the np-bubble move b i (n) in one more dimension agrees with that of b i (n − 1) on the (n − 1)-skeleton. Thus our claim follows by a straightforward recurrence. This ends the proof of the theorem 1.5. Proof. It follows from [25, 15] and the theorem 1.5.
3.5. Bubble equivalence almost implies mappability. We want to find out whether a cubulation which is bubble equivalent to an embeddable (mappable) one is embeddable (mappable). In whole generality the answer is no, and we have to restrict to np-bubble moves. Moreover the set of embeddable cubulation is not stable by np-bubble modifications. In fact an embeddable cubulation may become non-standard, after performing some b −1 k moves. We will show that this is the only accident which can happen with an embeddable cubulation. More precisely introduce an equivalence relation which we call standard np-bubble equivalence. We say that M and N are standard np-bubble equivalent if there exist a chain of np-bubble moves joining M and N among standard cubulations. We expect then that standard np-bubble equivalence preserves the embeddability. However the simplicity is not automatically preserved by np-bubble moves, more precisely by b 2 . Thus the mappability is not np-bubble invariant. We say that two cubulations are simply np-bubble equivalent if they are np-bubble equivalent among the simple cubulations.
Let M be a mappable cubulation and X ⊂ M be the support of a b 2 -move, isomorphic to D + 2 . We say that this move b 2 is rigid with respect to M if there is a combinatorial map f : M −→ R N c for which f (X) is the union of two orthogonal n-cubes. The other possibilities are that f (X) consists in a single cube (folding) or f (X) is the union of two cubes in the same n-plane (flexible).
The following result is a coarse converse of theorem 1.5:
Proposition 3.20. 1. k = 1. Then, by non-degeneracy the cube is embedded. 2. k = 2. We have two cases
Consider M be mappable and N be a cubulation which is np-bubble equivalent to M , and only rigid moves
In the first case we have locally a folding map. In the second case f is locally an embedding of D k . 3. k ≥ 3. We know that f 1 , ..., f d are distinct, f 1 , ..., f d−1 , f d+1 are distinct, and f 2 , ..., f d , f d+1 are distinct. This implies that all of them are distinct, so that the restriction of f to D k is an embedding. Therefore, if M contains a D k , then f is automatically an embedding on this D k . We did not specify whether we considered D , namely the standard way in the boundary of the n + 1-cube. We extend the map f to a mapf over the complementary of D k in the n + 1-cube, using the cube C. This ends the proof of the first part of the proposition.
Let us analyze the move b 2 from another point of view. We want to use the criterion for mappability which was obtained in [14] . In order to do so, we have to introduce some notations and definitions from [14] , for the sake of completeness. Two edges e and e ′ of a cubic complex Q are said to be equivalent if there exists a sequence of edges e 1 = e, e 2 , ..., e m = e ′ joining them, in which any two successive edges e i , e i+1 are opposite sides of some square in Q. This is an equivalence relation on the set of edges. An edge equivalence class is called simple if all the edges in it belonging to a single cube in Q are parallel. An equivalence class is called orientable if all the edges in it can be oriented such that whenever two equivalent edges are parallel to each other, their orientations are parallel. When any equivalence class is simple the cubulation is called simple. It has been proved in [14] that a mappable cubulation is simple and its equivalence classes are orientable.
We consider a partition F of the edge equivalence classes into certain families of classes F 1 , ..., F N such that each class has a fixed orientation and whenever F i contains edges in some cube, then no other edge equivalence class in F i can have an edge in this cube, i.e. two perpendicular edges are members of equivalence classes that belong to different families. Let γ = e 1 , e 2 , ..., e k be an oriented edge path in the cubulation Q. Set sgn(e i ) is +1 if the direction of travel of γ on the edge e i coincides with the orientation of e i , and -1 otherwise. Consider then the following formal sum, taking values in the free Z-module generated by the symbols F j :
where F (e) is the family to each the edge e belongs. Notice that in that sum an edge could appear several times with different signs. We can state now the two criterions for mappability and embeddability respectively, which were formulated in [14] , p. 305-306. Recall that a cubulation is standard if any two cubes which are not disjoint have in common exactly one common face. We are ready now to prove the second part:
Proof. According to the first criterion the cubulation M (which is mappable, hence simple) admits a partition F of the equivalence classes of edges such that the development map D F vanishes on all closed curves.
Remark now that the equivalence classes in D 
is mappable from the previous criterion, provided that b 2 (M ) is simple. Actually the simplicity is not preserved by b 2 , in general. However our hypotheses were stronger, because we asked the cubulation be an embeddable cubulation. We claim now that b 2 (M ) is simple if M is embeddable. Assume the contrary, namely that b 2 (M ) would be no more simple. This can happen only if the support of the b 2 move are two twin cells. This means that we have two cells e and e ′ which have a common face f , and the two layers parallel to f containing e and e ′ coincide. Then of course b 2 (M ) is not simple (see the picture 4). The first observation is that M cannot be embeddable because the layers cannot be self-tangent in an embeddable cubulation (see [15] ). There is however a self-contained argument which we include for completeness. Let ϕ : M −→ R where the chosen coordinate is the projection on the axis in e (and e ′ ) which is orthogonal to the face f ; also 1 2 x is the middle point of the edge x. Set E for the layer containing e, r (and respectively r ′ ) for an edge in e (respectively e ′ ) which is parallel to the chosen axis, and denote by R the equivalence class of edges in E which are equivalent to r. It follows that R contains also r ′ . Observe now that w(x) = w(r), for all edges x ∈ R. Furthermore we must have f (r) = f (r ′ ). But ϕ is injective, and so | f (r ′ ) − f (r) |= 1, which is a contradiction.
The third and fourth statements in proposition 3.20 follow the same way. k so that the precedent argument and the second criterion of embeddability before permit us to conclude. We have to consider those transforms which preserve the standardness because the criterion is stated only for standard cubulations. However the simplicity is preserved by other np-bubble moves than b 2 . The same works for the mappability and moves preserving the simplicity. This ends the proof of the proposition 3.20.
3.6. Np-bubbles and homotopy classes. n−1 ) with this equatorial spheres. The main obstruction we encounter in dimension 2 is that W 3,1 intersects some sphere S n−1 twice (i.e. in four points) so that the intersection with D + 3,1 is not connected. The same idea works in higher dimension now. Assume that W k,0 ∩ ϕ(S n−1 is connected, and thus there is a sphere S n−2 . Then W k,0 bounds a disk ∂δ properly embedded in the n + 1-ball whose boundary S n was cubulated. Further the sphere S n−2 is also contained in δ, and it bounds a disk d. It follows that in the case when the manifold M has non-trivial topology the set CBB(M ) is infinite. However something more can be said: if we consider two homothetic cubulations X and λX, then in general they cannot be np-bubble equivalent, because any non-trivial homotopy class appears λ times more in the latter. In particular even embeddable homothetic cubulations are inequivalent.
Multiplicative structures
4.1. The composition of cubulations. Assume the manifolds we consider in the sequel are connected. We wish to prove now that the connected sum of cubulations induces a group structure on CB(S n ). We think that CBB(S n ) inherits also a semi-group structure. We have to define first the multiplication law in the whole generality. Consider the cubulations C ∈ C(M ) and D ∈ C(N ) of the manifolds M and N , and choose two cells e ⊂ C, e ′ ⊂ D. A cell is always a top dimensional cube in this section. Let t be a cubical cylinder made up from e × [o, l] by removing the interiors of e × {0} and e × {1}. The length of the tube t is supposed to be l ≥ 3. We define therefore the map "connected sum of cubulations" c e,e ′ ,t :
with the obvious identifications of the boundaries. Generally speaking the remark above concerning the length of the tubes and the np-bubble moves suggests (and for surfaces and most manifolds with non-trivial topology it can be proved) that the map induced CBB(M ) × CBB(N ) −→ CBB(M ♯N ) depends on the length of the tube t. The case when both M and N are spheres could be different however.
We make some remarks before to proceed to the proof of the first proposition. We will freely use during the proof the fact that the tube t can be changed into a more general tube, which is still mappable. Then c e,e ′ ,t is defined as above, and since then a sequence of bubble moves (the boundary of t is fixed) relates any two tubes rel boundary, the class in CB(M ) is independent on the particular t chosen.
The tube t is defined only up to a self-identification. Thus given e and a fixed identification e × {0} −→ ∂t the other possible identification correspond to self-maps of the n-cube. This is equivalent to give an element of the symmetry group D n of the cube. Now, once we fixed the identification on e, the other side of the tube can be glued to D − int(e ′ ) exactly in 2 n ways, according to an element of D n . Let say that this parameter of the gluing is the twist tw ∈ D n , which is not defined for one connected sum cubulation, but rather for a pair of connected sum cubulations: we can say that X is obtained after performing an additional twist tw to Y . We may suppose that a connected sum is chosen (whatever, because there is no canonical choice) and thus any other, when reported to the former is characterized by a twist element tw. Finally remark that all tubes of length l ≥ 3 are bubble equivalent rel boundary so that their length has not to be specified. Then the connected sum cubulation depends on the choice of e, e ′ and of the twist. Remark that the length is invariant mod np-bubble moves rel boundary.
Proof. Assume now that both C and D are standard cubulations. Anyway this can be realized using bubble moves. We want now to define a developing map S : {paths in D} −→ {cells in C}. This map S depends on the particular data C, D, e, e ′ , t, tw we chose. A path in D is a sequence of cells (of top dimension) each having a common face with the previous cell in the sequence and starting at e ′ . Then it suffices to define this map S step by step, starting with paths having one element and growing iteratively the length of the path. If the path is trivial, consisting in only one cell, namely e ′ , we define S(e ′ ) = e. Choose now a cell f ′ around e ′ , both having a common face. There is then an unique cell e Intuitively this corresponds take a thickening of c e,e ′ ,t (C, D) and to attach a n + 1-dimensional cell on these two cells and look at the outer boundary of the resulting "cobordism".
This process can be iterated as follows: the role of f ′ is played now by the face f ′′ which is the face opposite to f ′ in the boundary of the hypothetical n + 1-cell. Again we can find an unique vertical cell e For large enough j (for a standard tube this j is just the length) the vertical cell e v j touches C along a face. Let now f be the cell of C such that e v j , e and f have a common face. Let γ be the path e ′ , f ′ .We define therefore S(γ) = f . Thus the developing map is defined for length one paths. This can be extended again, using the same pattern. The initial data (C, D, e, e ′ , t, tw) is changed into (C, D, f, f ′ , t ′ , tw ′ ), where f was defined above, t ′ is a tube obtained as follows. Take t ′ as a copy of t, which is glued to C and D on the boundaries of f and f ′ , and also to t along the union of cell e v i . If we throw away the common union of e v i the resulting cubulation is a cubulation of the connected sum manifold M ♯N which used the cells e ∪ f and e ′ ∪ f ′ . Let Y denote this cubulation. Remark now that after removing the part int(t − ∪e v i ) and capping off the two holes by gluing back int(e) and int(e ′ ) we get a well defined connected sum of C and D using f, f ′ and t ′ , with a naturally induced twist. The induced twist is tw ′ and is uniquely defined. Starting now with the new data (C, D, f, f ′ , t ′ , tw ′ ) we can define recurrently the value of the developing map S on paths whose length is one unit bigger. This ends the definition of the developing map.
now it is clear that Y can be obtained from the result of these b 2 moves by a b 3 move supported on f, e v j and f j+1 . Furthermore consider the initial data (C, D, f, f ′ , t ′ , tw ′ ), and the curve γ −1 = f ′ , e ′ . Then we observe that the developing map associated to this data and γ −1 associates to e ′ the cell e with which we started up and the associated tune is t, with the initial twist. Then c S(γ),f ′ ,tγ (C, D) is also bubble equivalent to Y . It follows that c S(γ),g ′ ,tγ (C, D) and c e,e ′ ,t (C, D) are equivalent for all γ.
Actually we can do better: we claim that c e,e ′ ,t (C, D) and c S(γ),g ′ ,tγ (C, D) are np-bubble equivalent. In fact it suffices to see that for Y and c e,e ′ ,t (C, D). Let then e v j the last vertical cell, and h k be the set of its neighbor cells in the tube t from which e v j−1 is removed. We perform a b 1 move supported on each neighbor cell h k (this is again equivalent to add a n + 1-cube to the thickened cubulation). Then some new neighbor cells h The next step will be to prove that O(e) = C, for an arbitrary e (and e ′ ). We have to understand first this set O(e) using the previous lemma. From the latter we know that for each loop γ based at e we have S(γ) ∈ O(e).
Consider a loop γ of length m and assume that the last segment of the curve γ | [m−m0,m] , for suitable chosen n and n 0 is straight. A curve is straight if it consists in a sequence of cells e i having each cell e i having a common face f i with the precedent cell e i−1 , so that the faces f i and f i+1 are opposite faces in Assume that we have fixed some e ′ = S(e) and let f ′ = S(γ), which was chosen as above. We observe first that the lift (by the developing map) of a strip Σ is also a strip Σ ′ ⊂ C. If we are looking only at the strip Σ, with a basepoint cell e, and a preferred direction, we have defined a discrete flow on Σ. The result of the action by k ∈ Z on a cell v is the cell v(k) which is k steps forward in the given direction, starting from v. Notice that there is also a flow defined on the other strip Σ ′ . Denote by (k, v) the action of k ∈ Z on the cell v, in the specified strip.
Proof. Let u be a cell of the strip Σ ⊂ D, between e and γ(m − m 0 ). We can suppose u = γ(r), with r ∈ [m − m 0 , m]. Consider that we perform a b 1 -move on u. This changes D by an equivalent cubulation. Let γ ′ be the natural extension of γ to
We can use the based loop γ ′ and the developing map in order to obtain that S(γ ′ ) ∈ O(e). But we can express S(γ ′ ) in terms of the flow on the strip Σ ′ as (2, f ′ ). This follows from the fact that γ ′ is also straight and its length was increased by one less the number of new cells which has to be traversed by γ ′ . We obtain then, that after k disjoint moves like above, (2k, f ′ ) ∈ O(e), for any positive k. We observe now that the strip being finite the action of Z must have cyclic orbits. The only possibility is to have a periodic flow, such that there is some N for which (N, f ′ ) = f ′ . But the set {2n(mod N ), n ∈ Z + } equals {2n(mod N ), n ∈ Z}, and the claim follows. Proof. Consider a bicoloring of the cells of C obtained as follows: the color c(e) associated to the cell e belongs to {0, 1}, and | c(e) − c(f ) |= 1, whenever e and f have a common face. The existence of such a bicoloring is equivalent to a bicoloring of the dual graph associated to the cubulation. According to the previous lemma if f ′ ∈ O(e) and f ′′ has the same color c(f ′′ ) = c(f ) then f ′′ ∈ O(e), too. this follows from the existence of a system of strips allowing to relate f ′ and f ′′ using only the action of 2Z on these strips. If such a bicoloring does not exist it follows that we can relate any two elements f ′′ and f ′ , and the claim follows.
Remark that some manifolds do not admit any bicolored cubulations. For instance an easy argument based on the Euler-Poincaré equation shows that S 2 has not bicolorings. On the other hand it is easy to construct bicolored cubulation of the torus (and higher genus surfaces) by using some 2a × 2b rectangles. Thus there exists bicolored cubulations. However this property is not invariant to np-bubble moves. In fact consider a bicolored cubulation, and perform some b 1 -move. We find a collar of new cells which are adjacent and must have the same color, because the old cells have only two (equivalent) possible bicolorings. It follows that O(e) = C, for any e.
The last thing to prove is the independence on the choice of the twist. Remember that a path γ induces also an action on the twists. If we consider a straight path γ = e, f, g, we obtain a twist tw 0 over f . Assume we perform a b 1 move over f . The curve γ has many lifts γ j which are no more straight, but relates e and g throughout the new cells. It is simple to check that the twists induced by these paths γ j cover all of D n tw 0 . Therefore the presence of the twist is not effective when taking the quotient by bubble equivalence. This proves the first proposition.
4.2.
The compatibility with the bordism composition. The composition maps for immersions is the disjoint union of immersions inside the connected sum of manifolds, which is made away from the immersions. The connected sum of cubulations induces a change for the associated immersions locally by surgery. We will prove that this surgery can be also realized by a local relative cobordism of the associated immersions. Consider then the manifolds M and N and that the cubulation connected sum is made by removing the cells e from X (cubulation of M ) and f from Y , which is a cubulation of N . We use b 1 moves on both e and f as to reduce the piping tube to a simple boundary identification. Nothing changes for the bordism class of ϕ X and ϕ Y after this process. We consider that the connected sum of manifolds is done by means of a piping tube which is close to the images Im(ϕ e ) and Im(ϕ f ). Both Im(ϕ e ) and Im(ϕ f ) are local models of the coordinate hyperplanes around the origin in R n . The surgery which changes into I(X♯Y ) into I(X)♯I(Y ) corresponds to excise Im(ϕ e ) and Im(ϕ f ) and to replace them by cylinders with the same boundary. We can push these local models on the piping tube, and then the surgery does not touch but this cylinder. Actually by an isotopy we can move them outside of a longitude and then the configurations embed in a ball. It is sufficient then to show that the surgery can be realized by a cobordism which is a product on the boundary. For n = 2 we have, on one hand two copies of the immersion which locally is homeomorphic to the letter X, and on the other hand four parallel strings connecting the boundary points. The different slices of a cobordism relating them is given in the picture 7. This gives an idea about how things go on in higher dimensions. Assume that the local models living in a ball have the corresponding hyperplane sections parallel to each other. Let us consider two parallel hyperplane sections u and u ′ of the respective local models Im(ϕ e ) and Im(ϕ f ). Then we construct the neighborhood of ϕ X♯Y around the piping tube by removing the interior of both u and u ′ and replacing it by the cylinder which has the boundary ∂u ∪ ∂u ′ . This transformation can be realized also by a cobordism of immersions since it is exactly the local picture around the critical point of index 1, where the leaves of the immersions are the level sub-manifolds. Moreover this can be putted in transversal position with respect to the other leaves (coordinate hyperplanes) which were left untouched. We compose then the cobordisms by transforming iteratively all n pairs of hyperplane sections. We insert the trivial cobordism outside this local picture, and find that ϕ X♯Y and ϕ X ♯ϕ Y are cobordant. The insertion of the trivial cobordism outside the local picture is possible because we asked the latter cobordism to be a product on the boundary.
Cubulations of surfaces

The simple cubulations of S
2 . We define the index of non-simplicity ns(C) of a cubulation in dimension 2 as the sum, over the different connected components K i of the associated immersion, of the number of self-intersections. It can be easily checked that the value of ns(C) is preserved by all np-bubble moves except b 2 . Also ns(C)(mod 2) is both bubble and np-bubble invariant, and in fact it coincide with f 0 (mod 2).
Observe first that the set CBB(S 2 ) is infinite. In fact the following invariant of the np-bubble class ns 1 (C) = inf{ns(x); x is np-bubble equivalent to C} is not bounded. It suffices to show that there exist cubulations C whose derivative complex has an arbitrary large number k of components K i , and each ns(K i ) is odd. Indeed, a np-bubble move b 2 may modify ns(C) by 2 units, and the other np-bubble moves preserve it. Meantime the number of components is not invariant, but the number of components with odd self-intersections is an invariant, because the only move creating new components is b 1 , and each new created component is an embedded circle. When looking at the action on the associated immersions the moves b 2 and b 3 are the second and the third Reidemester moves. Thus the number of components of odd self-intersections is invariant under b 2 and b 3 . For instance a cubulation C whose dual graph is the union of k kinks (or figure eight), which form a connected planar graph, has ns 1 (C) ≥ k.
The similarity with the Reidemester moves in the plane suggests that CBB(S 2 ) is closed to the set of planar curves mod second and third Reidemester moves, which is equivalent to the set of framed circles in the plane. Framed here means that we have to count the number of double points of each component. An immediate observation is that unlike the case of Reidemester moves, the dual graph here must remain connected, so that the various components cannot be completely separated. This is due of course, to the fact that Reidemester moves can be applied only if some additional strings exist in the configuration, conditions which avoid the possibility of separating into disjoint pieces. On the other hand the move b 2 can create/annihilate a pair of self-intersections. However it is not at all clear that the singularities can be paired such that suitable np-bubble moves destroy all pairs of singularities and each circle will have only ns(K i )(mod 2) ∈ {0, 1} remaining singularities. Moreover if this is true it should be also proved that all configurations of circles among which there are m circles, each of them with one singularity and the others being embedded, are np-bubble equivalent. This would establish a semi-group isomorphism between CBB(S 2 ) and Z. We are able to prove this statement for the case m = 0 and m = 1, which strengthened 1. Proof. The only way to shrink a cubulation C is to get rid of the self-intersections of one component K of its derivative complex. We do not assume for the moment that the cubulations are simple, because we do not know whenever two equivalent simple cubulations are always equivalent among simple cubulations. More much we think this is not the case and in our proof below we will use paths of equivalences which are outside of the realm of simple cubulations. Suppose that we have at least two self-intersections of K which fulfill the following conditions: there exist two points α and β on K which are joined by two arcs, say l and r, of K. The arcs l and r bound together a disk in the plane, and the intersection of this disk with the complementary arc to l and r is void. Up to a topological equivalence the situation is that shown in the figure 8. Observe that two different embedded components are always intersecting each other like in this description. A cubulation whose dual graph components have only this kind of self-intersections is called a semi-simple cubulation of S 2 . Also K is immersed in C, and α, β are corresponding to cells of C (see the picture). The disk on S 2 , which is also cubulated, will be called a biangle. Another type of self-intersection is that of a component where α = β. This means that we have only one arc r = l. Most times such singularities arise with a biangle, but in the case when the ns is odd there is at least one which cannot be paired. The first step is to see how biangles can be destroyed using np-bubble moves.
Biangles are of two types: either there is some transversal line in the graph cutting one of the two arcs l or r, or else there is no room for other transversals. In the second case the biangle is called a tight biangle. By default a biangle, if not explicitly specified otherwise is like in the first case. We have an explicit model for a tight biangle, which is drawn below. Notice that an analogous notion of tight self-intersection exists in the case of α = β, and will be called a tight kink.
Such biangles can appear from two arcs with common endpoints in the dual graph which are not necessary in the image of the same connected component of the derivative complex. In this case it will be called a bicolored biangle, and in the former case a monocolored biangle. That is equivalent with coloring the arcs of each component of the derivative complex with a different color. Proof. We have actually to see that in this context we can apply Reidemester moves as long as the self-intersection are not tight biangles. Assume now we have a minimal monocolor biangle, as above. The first cell near α, on l, has an inward normal arc ζ. If the arc ζ enters the disk and exits (Jordan's theorem) by cutting again the arc l we obtain either a bicolored biangle -made up from ζ and l -if ζ and Proof. We can again suppose we have a bicolored biangle which is minimal, with respect to the inclusion of the associated disks. Also, using some b 1 np-bubble moves we can assume the cubulation C is standard. Let ζ and K the two arcs intersecting in α and β, which are also in different components. Consider the arc u which is, like before, the normal inward arc u from the first cell near the cell α sitting on ζ. Then the arc u is forced to exit by cutting first the arc K, otherwise it should define a smaller bicolored biangle. Let γ be this new intersection point,and δ the first intersection point, between u and ζ. The length of the sub-arc αγ ⊂ K is defined as one plus the number of cells between the cells α and γ. The area of a triangle like αδγ is defined as the number of cells contained. Proof. Let consider the trace of all other components of the dual graph on the triangle αδγ. Then we have some other arcs which, from minimality, they cut only the arcs u and K. They may however intersect each other. This gives a partition into smaller polygonal domains. A triangle cannot be partitioned into polygonal domains each of them having more than 3 edges. Thus we find a smaller triangle inside, and we continue until we obtain a triangle T , whose edge length are all 1 unit. Moreover, since this partition is dual to a partition in squares (the original cells) there exists such a T on the boundary. This means that, either one vertex is γ, or else one edge is on δγ. A b 3 move acts like the Reidemester move on the dual graph (see picture 10), so assume we apply it on this triangle T . Then either the length of αγ diminish in the former case, or else the area of the triangle αδγ decreases, because the role of the b 3 move is to push up the arc δγ.
This procedure stops when the triangle αδγ has all its edges of length 1. One more b 3 -move as before, will push the transversal u outside the biangle. By the way the area of the biangle decreased and we can continue with the next transversal u ′ near α. We stop when the biangle has only one transversal u, of length 1, and then a move b −1 2 destroys the biangle. This proves the first lemma.
Notice that ns is not affected by these transformations, because the considered biangle is bicolored. Now, exactly the same procedure permits to get rid of monocolor biangles. Unlike the previous case the application of the last move b
−1
We need now some preparations in order to attack the proof the theorem. The previous proposition shows that the analogy with Reidemester moves can be pursued outside of a local picture. In what concerns the third Reidemester move this is even simpler, since we have no constraints. The idea now is to establish a recipe for dealing with tight biangles. The possible configurations of tight biangles can be rather complicated, even if the cubulation is simple. We are looking first to a local picture with a single disk D embedded in the plane which is in general position with respect to X. Here X is the union of two orthogonal segments in the plane, which are the midsections of a square. We suppose then that D is contained in the interior of the square. The square is divided by X into 4 sectors. Consider two points close to each other, and sitting in the same sector. Then there is a small arc α (disjoint from X) bounded by these points and a longer one, ∂D − α. Then the local picture we are interested first is that of the graph ∂D − int(α) ∪ X. This can be viewed as part of a larger dual graph of a simple cubulation, and our task is to have a way to simplify it. The standard local picture is that when D is isometrically embedded in the plane and it touches only one branch of the X, being contained in the union of two sectors. The arc α is then on the opposite part with respect to that intersection chord. Proof. Let n γ be the number of time γ intersects X. For n γ = 1 we have the standard local picture. We use the induction on n γ . If γ(0) is the endpoint corresponding to α and γ(1) is the other endpoint, let f be the intersection point of γ and X which is the nearest to γ(1), with respect to the length metric on the segment γ (i.e. the last time γ touches X). We can suppose that n γ ≥ 2, so that there is a further intersection point, say f ′ of γ and X, which is nearest to f . Let γ 0 be the part of γ containing the two intersection points f and f ′ and without other intersection points with X. Let then D γ0 − α ′ ∪ X be the local picture defined by γ 0 , when α ′ is chosen to the other endpoint than γ(1). This local picture has n γ0 = 2 and it is abstractly isomorphic to one we have seen above. The only problem is that some other arcs of γ could obstruct the np-bubble moves we used before. However this is not the case. we give all the details of the construction, which will be frequently used in the sequel, under the name of the filler and sliding technique.
We have two situations: either f and f ′ are on the same branch or not. Assume the former alternative holds. Consider that the arc of γ 0 between f and f ′ is in the sector S. There is a half-disk d bounded by the two arcs between f and f ′ : the arc from γ 0 and that from X. If some other arcs of γ intersect X on the segment between f and f ′ then these arcs intersect d along some arcs γ i , bounding half-disks d i (one side being γ i , the other being on X). All these arcs are disjoint because the cubulation is simple. The complementary of ∪d i in d is then a topological disk, whose boundary is the union of: first the arc of γ 0 , then a segment of X, then another arc γ i near another part of X and so on. Consider now all these arcs are a little bit thickened. Then we slide the tight biangle corresponding to f along the part of the boundary of d − ∪d i which is disjoint from γ 0 . According to the previous description this is possible since we have to travel along alternative intersections.
intermediary arcs slidings This way we slided the tight biangle to a position close to f ′ , and no other arc touches the arc of X between f ′ and the new f . There is one more obstruction now: the arc ξ of X between the origin o (the intersection between the branches of X) and the closest among f ′ and f (say f ′ for simplicity) may intersect other components of γ. Let B be the union of the other two transversal branches. Remark that a small neighborhood of the ξ intersect γ into a disjoint union of small transversal segments. Push then a very small arc containing the origin in B, like a finger move across these segments. This can be done using only b 2 moves. The final position B ′ of B is the result of this finger move across the filler which arrives close to f ′ . The resulting picture is that of a local picture with n γ0 = 2. The previous results show that the
is the part of γ 0 which contains only one intersection with X, namely f ′ . Consider now the second alternative, when f and f ′ are on different branches. Then the arc γ 0 between f and f ′ sits into a sector S. Here again the possible obstructions are the arcs of γ which touch the two segments of X determined by the origin o and the two points f and f ′ . The intersections with the sector S are determining as above half-disks or quarter-disks. The union of the boundaries of these disks is again an alternative union of parts of the X with parts of the arcs. We can slide now the tight biangle corresponding to f on these arcs until we reach the branch containing f ′ . This can be done as before. We are now in the same situation which we encountered above. Now we get back the filler we used for the finger move, so that J come back into its initial position. Then after gluing back the remaining piece of γ to γ 0 , we obtain an equivalent local picture with strictly less n γ . This proves that the local picture is standard.
Consider now an arbitrary embedded disk D which intersects transversally X. Then there is at least one tight biangle defined by one segment in a branch of X and an arc β. The arc β has two possible continuation, say on the left and on the right. Then each of the two continuations of β will intersect again the branches of X in one point. If the two points sit on the same branch then we find one of the configurations we already simplified before. The other case can be solved as follows: An induction on n γ proves the proposition.
Remark we didn't even use the second strand of X in the last case. The composition of these moves will be called a S move, because it replaces an arc which has the shape of the letter S, intersecting three times another arc, by a transversal arc like in the X configuration. It follows that minimal biangles can be always made simple. We can use then slidings of minimal biangles such that non-minimal monocolor biangles become minimal, and iteratively solve them. This proves the proposition.
We want to pass now to the global picture, where X is only the neighborhood of the intersection of two embedded circles C i in the plane. If we have another circle C (or a long arc like above) it is easy to see that finger moves can push all the intersections between C and C 1 into a X, but it general it is not possible to do simultaneously the same with the intersection between C and C 2 . Thus we need an additional ingredient.
Consider the set of all circles K i except one, which arise from the dual graph and divide the sphere into polygonal faces, each of them having at least two vertices. Moreover every face is topologically a disk. The remaining circle C we want to be simplified from that planar (spherical) diagram.
A curve γ is said to be in very special position with respect to the spherical diagram if: there is some ε such that γ is contained in an ε-regular neighborhood of the graph. The arcs of γ are of two types: either they are parallel to the edges of the graph and of length ε-closed to that of the respective edge, or else they are very short transversal arcs to the edges, sitting in an ε-neighborhood of the vertices, of length of order of ε. Also an arc is said to be in a special position with respect to one or more faces, if the previous condition about the length of the arcs parallel to faces is relaxed, and any length is admitted.
We can use now a recurrence on the number of components of C intersection a polygonal face P to obtain that the arcs C ∩P can be put in special position with respect to P . In fact there is an enumeration of these arcs c 1 , c 2 , ..., c p such that c i+1 can be deformed to the boundary of the new polygon determined by P and the previous considered arcs c j , j ≤ i. Now an arc which can be deformed to the boundary can be put in special position by using only isotopies.
Proposition 5.8. An embedded circle can be put in very special position with respect to a given partition coming from a simple cubulation, after suitably deforming it using only np-bubble moves.
Proof. We remark first that the obstruction for a circle already in special position to be in a very special position can be described as follows. An arc a is called a come back arc for the edge e if it passes through a face P , it cuts the edge e, it makes a loop inside the face Q, it cuts again the edge e and arrives again in the face P . We claim that a circle in special position has either an edge with at least two come back arcs or else it can be put in very special position using only isotopies.In fact if there is only one come back arc then the transversal components can be pushed to the extremities, near the vertices. Observe that it could happen that an edge has two come back arcs and still admitting very special positions.
Assume now that there is such a come back arc γ associated to the edge e between P and Q. Then there is one such arc with the property that the biangle determined in Q by an edge component and γ is minimal, hence a tight biangle. The tight biangle can be slided on the arcs component of P and the possible components of C appearing in P , such that its final position is near and on the same edge as one of its legs. The other leg (possibly again separated from the first by some arcs either edges of P or other arcs of C) can be pushed using some finger move to arrive near the other leg. The local configuration of the tight triangle is that of a J, so that it can be simplified by using S-moves. We can use the inverse of the finger move to push back the second leg, in order to arrive in its initial position with respect to P , and the other components. These moves are schematically represented below: It follows that using np-bubble moves we can put the circle C in very special position with respect to the other.
We look now to the short arcs of C, which are transversal to the edges. A short arc is connected to two arcs which are parallel to the edges (big length) so that the latter arcs are forced to be parallel to each other. If they are in the same face, then an isotopy will reduce the length of the circle and the initial short arc disappear. It is still possible to get again a short arc, but as the length diminishes (with a sensible amount) we eventually get rid of short arcs on this process. The other possibility is that the arcs are in different and so adjacent faces. Then an inductive procedure (starting from a minimal configuration) permits to use finger moves along this edge in order to reduce the length of the circle and to get rid of the short arc. It follows that there exists a model for the circle C without short arcs.
Consider now D be one of the disks bounded by C. Consider the function f (C) equals to the discrete area of D: this means the number of faces almost contained in D. A face P is almost contained in D if after removing the ε-neighborhood of the graph the face P is contained in D. Now np-bubble moves permit the passage across the vertices: thus arcs inside a face can be pushed a little over one vertices (a b 2 -move or a b 3 -move) and thereafter, if followed by finger moves, we extend it across the edges, on the adjacent face. Using isotopies we push the disk across another face. This works as long as there is an intersection between C and the graph; but this is always the case since the union is connected. An example of how this can be used is shown in the figure below: b finger moves finger moves isotopy 3 Thus np-bubble moves can reduce (or increase) the area. Furthermore when reducing the area to one unit, we can get rid of the corresponding circle by using some b −1 1 move, if more than 2 circles exist. This proves the theorem.
5.2.
The cubulation group CB(S 2 ). We are ready now to prove the second part of the theorem 1.3 which claims that CB(S 2 ) = Z/2Z. We saw before how to get rid of monocolor tight biangles of semisimple cubulations. We want now to remove the self-intersections which are not a priori paired into Further, if the two self-intersections are separated by other arcs the usual finger move and sliding technique permits to reduce to the former case. It follows that we can reduce all components K i to the case when ns(K i ) ∈ {0, 1}, since every simplification is mod 2 trivial. The next step is to show that two components "can be added". Let K 1 and K 2 be two components having non-void intersection. We show that there is an equivalent configuration which can have additional components with ns = 0, we replace K 1 and K 2 by another circle K 1 + K 2 which verifies ns(K 1 + K 2 ) = ns(K 1 ) + ns(K 2 ), and the remaining K i are left unchanged. It suffices to do that in the odd case, when both ns(K 1 ) = ns(K 2 ) = 1. Then the kinks can be added and transformed in consecutive self-intersections which were previously solved. Then we can reduce any dual graph to one where all but one circle C are embedded and the last circle has ns(C) ∈ {0, 1}. If f 0 = 0(mod 2) then the result of the previous section shows all these configurations are np-bubble equivalent. If f 0 = 1(mod 2) it means that C is a figure eight in the plane. Assume we make an isotopy so that one branch is very small. Then the same arguments as those used in the previous section, show that all configurations are np-bubble equivalent, too. The reason is that only one circle has a singularity and all transforms can be done outside a small disk containing the singularity. This ends the proof of the theorem 1.3.
